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ABsTRACT. This paper characterizes and compares Bertrand and
Cournot outcomes in a differentiated duopoly in which a public
firm competes against a private firm. The equilibrium price of a
welfare-maximizing public firm is strictly lower in Cournot than in
Bertrand competition. Contrary to the Bertrand-Cournot ranking
in standard comparison (with profit-maximizing firms only), prof-
its in Cournot are strictly lower and consumer surplus is strictly
higher under a linear demand structure. All these results hold
with more than two firms under a range of parameter values. The
reversals also hold in a richer setting with a partially privatized
public firm, where the extent of privatization is endogenously de-
termined by a welfare-maximizing government. As a by-product
of our analysis, we find that in a differentiated duopoly setting,
partial privatization always improves welfare in Cournot but not
necessarily in Bertrand competition.
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1. INTRODUCTION

It is now well known that Bertrand competition yields lower prices and
profits and higher consumer surplus and welfare than Cournot competition
(see, for example, Singh and Vives [17], Cheng [4], Vives [20], and Okuguchi
[14]). Subsequently, exploiting cost asymmetries, Dastidar [5], Qiu [15], and
Héckner [11] constructed specific examples where at least one of these con-
clusions fails to hold. However, to date, the literature comparing Bertrand
and Cournot has almost exclusively focused on environments where all firms
maximize profits. We revisit the classic comparison, in mixed markets, where
profit-maximizing private firms coexist with public firms.

In developed countries, this coexistence is observed in several oligopolis-
tic sectors including banking, insurance, and telecommunications. In the
developing world, the share of public enterprises in manufacturing output
and employment lies in the 30-70% range (see Schmitz [16]). The following
excerpt from World Bank Report (1995) captures the pervasiveness of public
firms in developing countries:
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“Government employees operate a casino in Ghana; bake cookies in Egypt; assemble
watches in India; mine salt in Mexico; make matches in Mali, and bottle cooking oil in
Senegal.”

So, how does a public firm differ from its private counterpart? Following
the mixed oligopoly literature, we assume that the difference lies in the ob-
jective function. Unlike private firms, which maximize profits, a public firm
maximizes welfare (sum of consumer surplus and producer surplus)." We
characterize and compare Cournot and Bertrand outcomes in a differenti-
ated duopoly where a private firm competes against a welfare-maximizing
public firm (sections 3 and 4). The results are strikingly different from the
ones obtained from a similar comparison with profit-maximizing firms only.
The standard Bertrand-Cournot rankings are reversed for prices, consumer
surplus, and profits. These reversal results generalize beyond duopoly for a
wide range of parameter values.

In section 5 we re-examine the comparison between Bertrand and Cournot
outcomes in presence of partial privatization. To endogenize the degree of
privatization we construct a stylized two-stage game in which a public firm
maximizes a weighted sum of its own profits and welfare in stage two, and
the weights, indicating the extent of privatization, are chosen optimally by a
welfare-maximizing government in stage one. The reversals also hold under
this richer setting. As a by-product of our analysis, we find that the mode
of market competition (i.e., Bertrand or Cournot) can have qualitatively
different welfare implications for partial privatization.

2. A PREVIEW OF RESULTS

Subsections 2.1 to 2.3 preview the results from section 4 while the re-
maining subsections discuss the results from section 5. Unless otherwise
mentioned, the results pertain to the duopoly case. Robustness of the re-
sults with more than two firms are explored in Remarks 1-3.

2.1. Lower prices under Cournot. A welfare-maximizing public firm sets
a strictly lower price in Cournot competition than in Bertrand competition
(Proposition 1). The result holds irrespective of the demand specification.
Under the linear demand structure (see (6) and (7)), the predominant case
considered in the literature, a private firm’s price is the same under Bertrand
and Cournot in a mixed duopoly (Proposition 3 (i)). If there are more
than two firms of each type (public and private), all prices, public as well
as private, are strictly lower in Cournot for a range of parameterizations
provided the products are not close substitutes (Remark 2).

In a homogenous product oligopoly with strictly convex and asymmetric
costs, Dastidar [5] has shown that the prices can be lower in Cournot com-
petition under some sharing rules. In a differentiated oligopoly with more
than two firms, Qiu [15], Héckner [11], and Amir and Jin [1] have shown
that Cournot equilibrium prices might be lower for some firms, provided
costs are asymmetric. Our result complements this literature by showing

!See De Fraja and Delbono [7] and Basu [3, Ch.16] for surveys on mixed oligopoly.
Also, see De Fraja and Delbono [6] for a critical discussion on welfare maximization as an
objective of public firms.
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that even with symmetric costs, we can have lower prices under Cournot
competition if there is a public firm.

2.2. Lower profits and higher consumer surplus in Cournot. Lower
Cournot prices under linear demand structure give rise to (i) higher con-
sumer surplus and (ii) lower profits under Cournot competition (Proposi-
tion 4 (i) and (ii)). Thus, compared to the standard framework with profit-
maximizing firms only, we have a reversal of Bertrand-Cournot ranking for
consumer surplus and profits. These reversals hold irrespective of the degree
of differentiation in a duopoly. In an oligopoly, these reversals hold for a
range of parameterizations.

2.3. Higher welfare in Cournot? Despite the reversals in the Bertrand-
Cournot ranking for consumer surplus and profits, welfare remains strictly
higher under Bertrand. Under general demand function, as long as a private
firm’s price is weakly lower in Bertrand competition, welfare reversal does
not occur. In an oligopoly with more than two firms, there are parameteri-
zations where private prices are strictly higher in Bertrand and furthermore,
aggregate output is higher in Cournot. However, even for those parameter-
izations, welfare reversal does not occur.

In section 5, we reconsider the comparison between Bertrand and Cournot
with a partially privatized public firm, which maximizes a weighted sum of
its own profits and welfare.”> Recognizing that incentives for privatization
might be different under Bertrand and Cournot, we endogenize the extent of
privatization. Adapting the models from the strategic delegation literature
(see, for example, Vickers [19], Fershtman and Judd [9], and Sklivas [18]),
we construct a stylized two-stage game in which a public firm maximizes
a weighted sum of its own profits and welfare in stage two, and the weight
attached to profits, capturing the extent of privatization, is chosen optimally
by a welfare-maximizing government in stage one.

2.4. Privatization and the mode of competition. Irrespective of the
demand specification, the optimal weight on profits of the public firm is
strictly positive under Cournot competition (Proposition 5) but not neces-
sarily so under Bertrand competition (Propositions 6 and 7). That is, partial
privatization improves welfare in Cournot irrespective of the demand speci-
fication while it can reduce welfare in Bertrand competition.

2.5. Bertrand versus Cournot with endogenous privatization. The
ranking reversals obtained in the basic model, i.e. lower profits and higher
consumer surplus under Cournot, continue to hold in this richer setting
with endogenous privatization as long as the products are not very close
substitutes (Proposition 8).

2See Fershtman [10] and Matsumura [13] for similar modelling of partial privatization.
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3. THE BaAsic MODEL

Consider an economy with two sectors: a competitive sector producing
the numeraire good y and an imperfectly competitive sector with two firms,
firm 1 and firm 2, each one producing a differentiated good. Let p; and g;
respectively denote firm ¢’s price and quantity where ¢ = 1,2. The represen-
tative consumer maximizes V' (q,y) = U(q) +y subject to p1q1 +p2ga+y < I
where ¢ = (¢1,¢2) € R and I denotes income. The utility function U(q) is
continuously differentiable as often as is required on 3%3 Furthermore the
following holds:

0q;
92U _ 0%U .
3qi(zq) <0, (iii) Us(q) = aqia(i.) <0, (iv) Uij(q) = Uji(q) and (v) |Uy(q)| >
Usj(a)l-
These assumptions are standard in the literature (see, for example, section
5 in Singh or Vives [17]).
Since V(q,y) is separable and linear in y, there are no income effects

and consequently, for a large enough income, the representative consumer’s
optimization problem is reduced to choosing ¢ to maximize U(q)—p1q1—p2g2-

Assumption 1. For i,5 € {1,2}, i # j, (i) Ui(q) = 8U(:1) > 0, (ii) Uiu(q) =

Utility maximization yields the inverse demands: p; = 8[8](](?) = P;(q) for ¢; >
0, ¢ = 1,2. Then, applying Assumption 1 gives two important properties:
(a) demand slopes downward, since 8%5@ = Uii(q) < 0, and (b) two goods
are substitutes, since 8%((1) = Ui;(q) <0, (i #j).

q;j
Inverting the inverse demand system yields the direct demands: ¢; =
D;(p) where i = 1,2 and p = (p1,p2) € R2. From the assumptions on U(q),

we have
1) 2P0 Ujj ODi(p) _ _ Uij
Opj Ui11Uz2 — U12U21

Opi U11Uz2 — U12U2
where 4,5 € {1,2}, i # j and U;;, Uy are evaluated at ¢ = (q1,¢2) =
(D1(p), D2(p))-

Each firm has a constant marginal cost m > 0.2 There are no fixed
costs. Firm 2 maximizes profit and we refer to firm 2 as the private firm.
Firm 1 is a public sector enterprise, or, in short, a public firm. Following
the mixed oligopoly literature, we assume that the public firm maximizes
welfare. Profits and welfare, in terms of g and p, are precisely defined below.

<0,

> 0,

3.1. Cournot competition. Corresponding to a quantity vector ¢ = (q1, ¢2),
profits of firm i, denoted by m;(¢q), and welfare, denoted by W (q), are:

mi(q) = (pi(q) —m)a,
Wi(q) = U(q) —m(q1+ q2).

We assume that q; and g9 are strategic substitutes. More formally, the
following holds:

3We assume that unit costs are constant and symmetric for the public and private firm
to highlight on our source of reversal — the presence of public firms. Qualitatively, all
our propositions hold under asymmetric costs.
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Assumption 2. For i,j € {1,2}, i # j, we have (i) agoq; < 0, and (i)

827Ti

In a Cournot oligopoly with profit-maximizing firms, quantities are usu-
ally assumed to be strategic substitutes. Assumption 2 says that strategic
substitutability holds even when one firm maximizes welfare.

A quantity vector ¢©¢ = (qlc, qQC ) is a Cournot equilibrium if and only if
W(q%) = W(q,¢5) for all g1 # ¢f and ma(¢°) > ma(qf, ga) for all go # ¢5'.
Corresponding to a Cournot equilibrium quantity vector ¢, define

pS = Pi(q“),
¢ = m(°),
cs® = U(¢®) - pfqf —pfeS, and

W = W(¢%) =U(¢") - mlef +a5),
where pic, 7TZ-C , CSC, and W€ respectively are firm i’s price, firm ’s profits,

consumer surplus, and welfare in Cournot equilibrium.

3.2. Bertrand competition. Corresponding to a price vector p = (p1,p2),
profits of firm i, denoted by 7;(p), and welfare, denoted by W (p), are:

Ti(p) = (pi —m)Di(p),
W(p) = U(Di(p),D2(p)) — m(D1(p) + Da(p)).

We assume that p; and ps are strategic complements. More formally, the
following holds:

Assumption 3. For i,j € {1,2}, i # j, we have (i) Cfgig;j > 0, and (ii)
92n;

Strategic complementarity (of prices) is a standard assumption in a dif-
ferentiated products Bertrand oligopoly with profit-maximizing firms. As-
sumption 2 says that strategic complementarity holds even when one firm
maximizes welfare.

A price vector pP = (p{g ,sz ) is a Bertrand equilibrium if and only if
W (pP) > W (p1,pf) for all p1 # pf and 72(p?) > Fa(pf, pa) for all p # p&.
Corresponding to a Bertrand equilibrium price vector p?, define

o = Di(p"),
P = 7P = m(dP),
cS? = U(®)—pPaf —pfdl,

WP = W) =w(d®) =U¢") —ma +a3),
where ¢, 78, CSP, and W5 respectively are firm i’s price, firm i’s profits,
consumer surplus, and welfare in Bertrand equilibrium.

4. COMPARING BERTRAND AND COURNOT OUTCOMES

First we compare the pricing of the public firm under Cournot and Bertrand
competition. In a differentiated duopoly with profit-maximizing firms only,
equilibrium prices are higher under Cournot competition (Singh and Vives
[17]; Vives [20]). Proposition 1 shows that the conclusion does not hold in
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the presence of a public firm. The public firm’s price is strictly lower under
Cournot competition irrespective of demand specification.

Proposition 1. Suppose qic > (0 and qu > 0fori=1,2. Then pl{" > p(f =m.

Proof: Under Cournot competition, ¢; = ¢¢ maximizes W(q1,q5). Since

OW (%) _ 8U(4C) _
aq‘f = aq‘i —m = 0. We

C
have %qql) = Pi(¢°) and by definition, p{ = P;(¢®). Thus p§ = m.
Noting that p? = (pP,p%) constitutes the Bertrand equilibrium, from
first order conditions we get:

qu > 0, from first order conditions we get

17 (B B B

@ o B ) 22
i B B

@ T w2 Dy~

From (1), we have (i) 8D1(p ) < 0 and (i) aDng) > 0. Since wgff) <0

and Dy(p®) = ¢£ > 0, from (3) it follows that (iii) p5 —m > 0. Together
with (i)-(iii), Equation (2) implies that p§¥ —m > 0. O

To understand Proposition 1, consider an infinitesimally small increase in
p1 from p; = m. This reduces the public firm’s output, ¢1, and raises the
private firm’s output, ¢gs. The welfare loss from reduction in ¢; is second
order while the welfare gain from increase in gy is first order(since p5 > m).
This logic implies that if the two goods are substitutes, and firms compete in
prices, a welfare-maximizing public firm will set its price strictly higher than
marginal cost. Thus pP > m. Such considerations are absent in Cournot
competition. Under Cournot conjecture, the public firm chooses its own

output, taking the private firm’s output as given. Thus public firm behaves

C — 6%( © —
q1
Though the public firm’s price is strictly lower, the private firm’s price

can be lower or higher under Cournot depending on the utility/demand
specification. Before comparing the private firm’s prices under Bertrand
and Cournot, we provide a characterization result that links the private
firm’s price and welfare for any utility specification satisfying Assumption
1.

like a welfare-maximizing monopolist, which in turn yields p} =m.

Proposition 2. Suppose pg > pg. Then W8 > W€,
Proof: Noting that W28 = W (p?) and W€ = W(qc) = W(1°) we get:
4 WE-wC = W) -Wi,h)+ (pl,pQ) W (),
75 QW (5, p2)
pg 8])2
C

Since (i) p® constltutes Bertrand equilibrium, and (ii) p{ = m is not a best
response to p5, 4 we have W (pB) — W (p$,p5) > 0.

= W) - Wt ps) + dps

AW (p§ .p5) 5_m) oD (w{ p8) < ()

4This follows from noting that on = (p3 oI
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8W(Pf 7172)

Then, given pg > pg it suffices to show that 55

(pég7 pg) We have

aw(p$7p2)

< 0 for all py €

aDl(pgaPQ)

dDs(pS, pa)
C 2\l1>
= — + — _—
apQ (pl m) 8]?2 (pQ m) ap2
C
Ip2

Clearly pg > m and pg > m. Consequently (i) po —m > 0 for all py €
C
[p5,pS]. Also, by (1), we have (ii) 9D2ip2) ), Together, (i) and (ii)

Op2
1 (nC
imply 2V L2122 < 0 for all py € [p5, pS). =

Proposition 2 states that if the private firm’s Cournot price is higher than
or equal to the Bertrand price, then welfare reversal cannot occur. This is
a strong result since one would expect that if p{ < p¥ (as in Proposition 1)
and pg > pg , then there is a possibility of welfare reversal. Proposition 2
rules out such a possibility.

Remark 1. Does Proposition 2 generalize beyond duopoly? The short
answer is yes. To see this, consider a n(> 2)-firm oligopoly with n; public
firms and na2(= n — nyp) private firms. Assume 1 < n; < n. Label these
firms from 1 to n such that firms labeled 1 to ny are public while firms
labeled ny + 1 to n are private. Let G; = {1,2,....,n1} and Gy = {n1 +
1,n1 + 2,...,n} denote the group of public firms and the group of private
firms respectively. Assume an interior Bertrand equilibrium exists. Then
there exists a Bertrand equilibrium with the following property: p? = pll3 if
1 € G, and p? = p5 if i € Go. Similarly, an interior Cournot equilibrium
exists in which the following holds: pic =mif ¢ € G, and pic =S if i € Go.

Then we find: p§ > p5 = W5 > WC provided > icGs %;?’p) < 0 for

all ¢ € G5, where m is a nj-element vector with all elements m and p is
a no-element vector with all elements p. Similar conditions are invoked in
differentiated oligopoly literature to ensure that own-price effects dominate
the cross-price effects. See, for example, condition (A.3) in Vives [20] or pp.
157 in Vives [21].

The lower prices of a public firm under Cournot (Proposition 1) opens
up the possibility of reversal of Bertrand-Cournot orderings for a private
firm’s price, quantities, consumer surplus, profits, and welfare. However, to
determine whether reversals actually occur or not, we need to specify utility
function. We consider the quadratic utility specification proposed in Dixit
[8] and subsequently used in Singh and Vives [17], Qiu [15], Hackner [11]
and several other papers in this literature:

1
(5) Ulg) = alq1 + g2) — 5(‘1% +4i) — bq1g,
where a > ¢, and b € (0,1). The goods are independent if b = 0 and perfect
substitutes if b = 1. The restriction that b lie strictly between 0 and 1 implies
that the goods are imperfect substitutes. The degree of substitutability
increases, or equivalently, the extent of product differentiation declines, as
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b increases. It is easy to verify that utility specification in (5) satisfies
Assumption 1.
The inverse demands corresponding to (5) are linear and given by
(6) pr=a—q —bg, p2=a—q —bq.
Inverting the inverse demands yields the direct demands:

a(l —b) —p1+ bp2 a(l —b) —p2+bp:
(7) ¢ = e , = e :

For this linear demand system, Cournot competition yields strictly higher
prices and a strictly lower output compared to Bertrand competition in a
standard differentiated duopoly (Singh and Vives [17]). Proposition 3 shows
that except for the private firm’s output, none of these conclusions hold.

Proposition 3. Suppose U(q) is given by (5). Then

(1) p§ <pf, p§ =15;

(it) af > aF, &5 < a5
Proof: If U(q) is given by (5), then under Cournot competition, the follow-
ing first order conditions hold at (q1,q2) = (¢%, ¢%):

ow 0
— =a—q —bgg —m =0, ﬂ:a—2q2—bq1—m:0.
oq1 0q2
Note, 2W_ — @™ _ _p « (0. Thus Assumptions 2 (i) and 2 (ii) hold.

7 0q10q2 0q10q2 o ’
Solving the two first order conditions gives

c_ (2-bla—m) c_ (L=b)(a—m)

L7 22 0 BT a2
Substituting ¢; by qic, i =1,21n (7) yields equilibrium prices under Cournot:
(1—=56)(a—m)

C C
=m =m
D1 y P2 + 5 b2

The first order conditions under Bertrand competition are given by (2) and

(3). If U(q) is given by (5), 82??;)2 = Bgfgfn = 1_bb2 > (0. Thus Assumptions

3 (i) and 3 (ii) hold. Substituting %l;; = 1:11;2 and %fji = 1_bb2 (1 # j) and
then solving (2) and (3) gives
b(1 —b)(a— 1—-b)(a—
p{s:er( )(a —m) p§:m+( )(a—m)

2—b2 ’ 2—b2

Substituting p; by p?, i = 1,2 in (6) yields equilibrium quantities under
Bertrand:

T YT aene-o)

Comparing p¢ and p? gives (i). Similarly, comparing ¢¢ and ¢? gives (ii). O

g_a—-—m g (@ —m)
a1

From Proposition 1 we already know that p(f < p? . Proposition 3 (i)
says that pg = pg . Thus both prices are lower in Cournot. This is in sharp
contrast to the standard ordering where equilibrium prices are strictly higher
in Cournot.
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Needless to say, the equality, that is, pg = pg, is unlikely to hold for
an arbitrary number of firms.> Underlying the equality, however, are two
opposing effects which are quite general. On the one hand, as in the standard
setting, the perceived elasticity of demand of a firm is smaller under Cournot
conjecture which raises pg.6 On the other hand, a lower pf (compared to p{g )
in our framework creates a downward pressure on the private firm’s price
which lowers p§. When U(q) is given by (5) these two effects offset each
other, which in turn yields pg = pg .

For n > 2, we find a wide range of parameter values for which pg <
pQB . Together with Proposition 1, this finding implies that for a range of
parameter values, all prices, public as well as private, are strictly lower
under Cournot. See Remark 2 for details.

Remark 2. Consider an n-firm oligopoly with n; welfare-maximizing public
firms and ny = n — ny private firms. Then generalize the utility function as
follows:

n n
(8) U(Q)ZGZ%—%ZC]?—bZZQin,

i=1 i=1 i j<i
where a > m and b € (0,1) and each firm ¢ = 1,2,...,n produces exactly
one variety. The equilibrium prices in Bertrand and Cournot exhibit within-
group symmetry as mentioned in Remark 1. Let pf (p{g) and pg (pé3 ) denote
the equilibrium prices charged by a public firm and a private firm respec-
tively in Cournot (Bertrand) competition. Similarly, let ¢§ (¢f) and ¢S (¢%)
denote the equilibrium quantities produced by the public and private firm
respectively in Cournot (Bertrand). We find:

(a) P =m < pf, sgnlp§ — p§] = sgn(nz — 1)(b(n — 1) — (n1 — 1))},7
(b) ¢f > df, a5 < a5
The output comparisons are the same as in Proposition 3 (ii). Regarding
price comparison, note that we get p§ = p5 as in Proposition 3 (i), if ng = 1.
Ifng > 1, p§ < p& for b € (0, ™=L). This interval is non-empty for all ny > 1.

> n—1

Equipped with findings from Proposition 3, we are now ready to compare
between Bertrand and Cournot for consumer surplus, profits, and welfare. In
a standard differentiated duopoly setting, Cournot competition yields higher
profits, lower consumer surplus and lower welfare compared to Bertrand
competition. Proposition 4 says that the results are completely opposite for
consumer surplus and profits. Also note that the reversals (for consumer
surplus as well as profits) hold irrespective of the extent of differentiation.
However, as in the standard setting, welfare is lower in Cournot.

9See the finding (a) in Remark 2 though, which implies that irrespective of the number
of public firms, a private firm’s price is the same in Cournot and Bertrand if there is only
one private firm.
6See Proposition 6.1 in Vives [21] for a comparison of elasticities under Bertrand and
Cournot.
"For any = € R,
-1 ifz<0
sgn[m]—{ 0 ifz=0

1 ifz>0.
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Proposition 4. Suppose U(q) is given by (5). Then for all b € (0,1) we
have
(i) nf <, i={1,2},
(ii) CS¢ > CSB,
(iii) W¢ < W5,

Proof: (i) Since p{ = m, 7{ = (p§ — m)¢{ = 0. Also, since p¥ > m and

¢? >0, 78 = (¥ —m)qf > 0. Thus 7{ = 0 < 7P. From Proposition 3, we

have (a) p§ —m = p5 —m > 0 and (b) ¢§ < ¢¥. Together, (a) and (b) imply

5 = (p§ —m)g§ < (p§ —m)qd =75

5 G c_ B B c_ _ (P B

(ii) Since p§ = p3, we have CS” — CS® = — pr D1 (p1,p5)dpi. By Propo-

1

sition 3 (i), p¥ > p{. Also, Di(p1,p5) > 0 for all p; € [p{,p¥] since
B B

Di(pf,p8) = ¢f > 0 and P2 < 0. Thus [IF Di(py,pE)dpr > 0

1

Op1
and hence, CS® — CS¢ < 0.
(iii) By Proposition 3 (i), p§ = p5. Then the claim follows from applying
Proposition 2. U

That profits could be lower under Cournot competition has also been
shown in Héckner [11]. Crucial to Hackner’s findings are the following fea-
tures: the presence of strictly more than two firms and cost/quality asymme-
try. None of these features are present in our framework. In our framework
it is the presence of public firms that leads to the reversal of the profit and
consumer surplus orderings (between Cournot and Bertrand competition).®
These reversals also hold when the number of firms exceeds two for a range of
b € (0,1). The fact that welfare reversal does not occur under linear demand
structure is surprising, since Cournot seems to be more competitive accord-
ing to several other indicators of competition.? For example, all prices are
lower in a Cournot duopoly (Proposition 3 (i)). Also, the aggregate output
is higher under Cournot, i.e., ¢§ + ¢§ > ¢% + ¢5.1°

5. BERTRAND VERSUS COURNOT IN THE PRESENCE OF PARTIAL
PRIVATIZATION

In our comparison between Bertrand and Cournot outcomes, we have so
far assumed that firm 1 (i.e., the public firm) maximizes welfare. The as-
sumption is not strictly necessary to obtain reversals. Our results go through
when firm 1 is partially privatized. To capture partial privatization, we

8See Lopez and Naylor [12] for reversal of profit ordering in a unionized oligopoly
setting.

9A1though there are parameterizations such that all prices, public as well as private, are
lower under Cournot, welfare reversal does not occur under any of those parameterizations.

10Concerning welfare ordering in Proposition 3 we find that if U(q) is given by (5),
W(q) = s(a1 + ¢2) +d(q1 — g2), where s(q1 + g2) = (a —m)(q1 + g2) — 5(q1 + ¢2)* and
d(g1 — q2) = —@(ql — g2)®. Though s'(.) > 0, d'(.) < 0. That is, while an increase
in aggregate output increases welfare, an increase in output differences between the two
firms decreases welfare (since both varieties enter symmetrically into the utility function).
Compared to Bertrand, g1 + g2 is higher in Cournot but g1 — g2 is higher as well. It turns
out that the latter effect dominates, preserving the standard welfare ordering.
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modify firm 1’s objective function as follows. Firm 1 maximizes R;(q;0) =
0m1(q) + (1 — )W (q) under Cournot and Ry (p,0) = 071 (p) + (1 — )W (p
under Bertrand where 6 € [0,1] and 71(q),W (q),71(p) and W (p) are as de-
fined in the previous section.!! For a welfare-maximizing public firm, 8 = 0.
If 6 = 1, the public firm is fully privatized while if € (0, 1), the public firm
is partially privatized. It is easy to show that there exists 6 > 0 such that
Proposition 3 (i) and 3 (ii), that is, 7TZC < 7rZB for i = 1,2 and C'S¢ > CSB,
holds for 6 < .

While the discussion above suggests that the reversal of Bertrand-Cournot
ordering can occur in presence of partially privatized public firm, a limita-
tion is that the degree of privatization, captured by the parameter 6, is
exogenous. Consequently, the comparison between Bertrand and Cournot
implicitly assumes that the degree of privatization is the same under the
two modes of competition. This is not satisfactory since the incentives for
privatization are typically different for Bertrand and Cournot.

To endogenize the degree of privatization we now construct a stylized
two-stage game, where a welfare-maximizing government chooses 0 € [0, 1]
in stage 1, after which firms 1 and 2 compete in the product market in stage
2.12

5.1. The Cournot game. We consider a two-stage game. In stage 1, the
social planner chooses 6 € [0, 1] to maximize welfare. Given a stage 1 choice
of 6 € [0, 1], in stage 2, firm 1 chooses ¢; to maximize R1(q1,qe;6) and firm
2 chooses g2 to maximize m2(q1, q2).

For any given 6 € [0,1] let ¢°(0) = (¢§(0),¢5()) denote output vector in
stage 2 Cournot equilibrium. Then the following first order conditions must
hold:

C . C
o ZEOD ) o+ oo 2O
m2(q¢ C(C
a2 50—+ 0 2D

where p¢ (0) = P;(¢°()),i = 1,2. Lemma 1 records the effect of privatization
on outputs for later reference.

C C
Lemma 1. Suppose ¢¢(0) > 0,5 = 1,2. Then 8%9(0) < 0 and nge(e) > 0.

When 6 = 0, the public firm’s price equals marginal cost and hence the
public firm earns zero profits. As # increases, that is, as the weight attached
to profits increases, the public firm finds it optimal to cut back production
which raises its price above marginal cost. Lemma 1 says that indeed start-
ing from any 6 = 6y, the public firm’s output declines as 6 increases. Since

Hgimilar formulations exist in the mixed oligopoly literature. See, for example, Mat-
sumura [13] and Fershtman [10].

12Using the parameter 6 to capture the degree of privatization is simplistic. Neverthe-
less, this is in line with the mixed oligopoly literature, where also, the importance of the
profit motive of the public firm is used to capture the degree of privatization.
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outputs are strategic substitutes, the private firm’s output increases with an
increase in 6.

Now consider the stage 1 choice of 8 by a welfare maximizing government.
Define W¢(0) = W(¢€(0)). Using Lemma 1 it is straightforward to establish
the following:

Proposition 5. Suppose ¢ maximizes W (#). Then 6€ > 0.

Proof: Since W(q) is continuous in q and ¢¢(#) is continuous in 6, W¢(9) is
continuous in 6 over the compact interval 6 € [0, 1]. Therefore, there exists
6¢ € [0,1] such that W¢(#) attains its maximum at § = §¢. Differentiating
W€ (0) with respect to 0 yields:

C C C
an PO 650 - (P50 4 0 - m) (P57

C
We have p§(0) —m = 0, p§(0) —m > 0 and by Lemma 1, &%éo) > (0. Then
it follows from (11) that %2(0) > 0, which in turn implies 6¢ > 0. O

The intuition for Proposition 5 is simple. Consider an infinitesimally small
increase in A from 6 = 0. As the weight on its own profits increases, the
public firm lowers its output, g1, while the rival firm raises its output, go.
The welfare loss from a reduction in ¢; is second order since p§(0) —m = 0
while the welfare gain from an increase in gy is first order since p§(0)—m > 0.
This implies that there always exists a certain degree of privatization, which
improves welfare when the second stage game is Cournot.

Note that although government maximizes welfare, it instructs the public
firm to maximize something different: a weighted sum of its profits and
welfare. This idea is familiar from the strategic delegation literature where
managers are given incentives (by owners) to maximize a weighted sum
of profits and sales even though the owners only care about profits (see,
for example, Vickers [19], Fershtman and Judd [9], and Sklivas [18]). By
assigning a strictly positive weight to sales in managers’ incentive contracts,
the profit-maximizing owner credibly commits to a higher output which in
turn raises profits. Similarly, by assigning a strictly positive weight to profits
in the public firm’s objective function, the welfare-maximizing government
credibly commits to a lower output (to be produced by the public firm) which
in our framework raises welfare by partially correcting the underproduction
by the private firm.

In homogenous products Cournot duopoly, Fershtman [10] and Matsumura
[13] also found that partial privatization can improve welfare. However, for
partial privatization to be strictly welfare improving in their setting, either
the public firm has to be relatively inefficient or marginal cost has to be
strictly increasing in output. None of these are necessary in a differentiated
products duopoly setup like ours. Product differentiation alone, no matter
how small, is sufficient to generate welfare-improving partial privatization
under Cournot competition.

5.2. The Bertrand game. In stage 1, the government chooses ¢ € [0,1] to
maximize W (p). In stage 2, firm 1 chooses p1 to maximize Ry (p1,p2;0)
071(p) + (1 — )W (p) and firm 2 chooses py to maximize Ta(p1, p2).
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For any given 6 € [0, 1] let p?(0) = (p(0),p5(0)) denote the price vector
in a stage 2 Bertrand equilibrium. Then the following first order conditions
must hold:

(12)

LRl(Z;L); D~ w5 0) ~m) 7391%8(0)) +045(0) + (1 - 0)E(0) - >L2§p o,
~ B B

(13 PR O) — (0) - m) 22220 1 1) =0,

where ¢?(0) = D;(p(0)), i = 1,2.

Consider an infinitesimally small increase in 6 from 6 = 0. Recall that in
the Cournot game, introduction of this profit motive induced the public firm
to reduce output. Similarly, here, suppose the profit motive induces the pub-
lic firm to raise its price, p1. Then private firm’s price, po, increases as well
since prices are strategic complements (Assumption 3). Given p2(0) > m
for both ¢ = 1,2, a further increase in prices triggered by partial privatiza-
tion reduces welfare in Bertrand competition. While this conclusion seems
natural and holds under linear demand, note that we started with the sup-
position that the introduction of the profit motive induces the public firm
to raise its price, p1, above p? (0). Assumptions 1 - 3 do not guarantee that.
A sufficient condition for the supposition to hold is that the public firm pro-
duces more than the private firm in absence of privatization. Lemma 2 and
Proposition 6 summarize our discussion.

Lemma 2. Suppose ¢?(0) > 0 and furthermore ¢¥(0) > ¢5(0). Then
w0 50 =12

Proof. See Appendix.

Proposition 6. Define W2(0) = W (pB(9)) = W(¢5()). Now, suppose
g(0) > 0. Then 2V < 0 if ¢B(0) > ¢5(0).

Proof: leferentlatmg W (pB(#)) with respect to 8 and evaluating at 6 = 0
gives

AW (p5(0)) _ OW (@F(0)) 9pF(0) | OW ((0)) 9pE(0)
do opr 00 opr 00

From first order conditions we get W) _ Also, if ¢8(0) > ¢5(0),

Op1
ap2 (0) > 0 (Lemma 2). Hence it suffices to show that w < 0. We

(14)

have

oW (p5(0)) 9D1(pP(0)) 9Dy (pP(0))
o (P (0) — m)laT + (p5(0) — m)#.

oW (pB(0 9D1 (pB(0 9Dy (pB(0
From (8’;)1( ) — (pB(0) —m) 1{(91;1( )y (p5(0) —m) 2(,(91;1( ) — 0, we get
5 (P (0) —m) 2222700 o . .
(p7(0) —m) = — 55 GFm) - Substituting this in (15), using (1) and

op;

(15)

oW (pB0) _ pE(0)—m
Op2 " Usz2(q B(O)

and Upz < 0, it follows that 2VE°) g, 0

then simplifying further gives

Since p5(0) —m > 0
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Proposition 6 says that small increments in 6 from 6 = 0 reduce welfare
under Bertrand competition. What about large increments? For a linear
demand system we find that they are not welfare improving either. Using
CES preferences, Anderson et al. [2] have shown that full privatization, that
is, a change from # = 0 to 0 = 1, reduces welfare in Bertrand competition.
Using the standard quadratic utility specification, Proposition 7 shows that
not only full privatization, but no extent of privatization can improve welfare
in Bertrand competition.

5.3. Linear demand: Before stating our finding more formally, let us de-
fine 68 to be the value of # € [0,1] that maximizes W5(6). Recall #€
denotes the optimal degree of privatization under Cournot. Proposition 7
below compares #8 and #€ for linear demand.

Proposition 7. Suppose U(q) is given by (5). Then 6 € (0,1) while
65 = 0.

Proof: See Appendix.

Finally we turn to the comparison between Bertrand and Cournot out-
comes in this two-stage game with an endogenous degree of privatization.
Define 7 (0) = mi(q°(0)), 77 () = 7;(p°(8)) = mi(¢°(9)), CSC(8) = CS(¢°(9))
and CSB(#) = CS(¢5(#)). As in Proposition 4, we find a reversal of stan-
dard Bertrand-Cournot ordering for consumer surplus and profits under a
range of parameterizations. Welfare, as in section 4, remains higher under

Bertrand.

Proposition 8. Suppose U(q) is given by (5). Then

(i) 0€ = %55 > 0,05 = 0;

(it) 75(6€) < 75 (6°);
(iii) 7§ (6¢) < 7B (6F) and C'SC(6°) > CSB(6P) if b € (0,0.84), and finally
(iv) WE(6°) < WB(6B).

Proof: See Appendix.

6. SUMMARY AND CONCLUDING REMARKS

Comparing Bertrand and Cournot equilibrium outcomes in a differenti-
ated duopoly with a welfare-maximizing public firm, we have shown that
the standard Bertrand-Cournot rankings could be reversed for prices, con-
sumer surplus, and profits. The reversals also hold under a richer setting
with a partially privatized public firm, where the extent of privatization is
endogenously determined by a welfare-maximizing government. Partial pri-
vatization can have different welfare implications for Bertrand and Cournot
competition. In particular, partial privatization (to a certain extent) always
improves welfare under Cournot competition but not necessarily so under
Bertrand competition.

Note that some of our results are obtained using linear demand structure
and constant marginal cost. Clearly, whether these results hold for other
demand structures or other cost specifications requires further investigation.
However, if the public firm maximizes welfare, the possibility of reversals
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remain since the underlying reason (for these reversals) — public firm’s lower
price under Cournot — holds irrespective of the demand or cost specification.

Throughout the analysis we have assumed that the two goods are imper-
fect substitutes as this is the predominant case considered in the literature.
Instead, if the two goods are complements, then reversals are unlikely since
the public firm’s price is lower (at least weakly) in Bertrand than in Cournot
competition. As in Proposition 1, the public firm’s price equals marginal
cost under Cournot competition. On the other hand, under Bertrand, the
public firm’s price is either equal or strictly less than marginal cost. To see
this, consider an infinitesimally small decline in the public firm’s price from
marginal cost. This increases the public firm’s output and since two goods
are complements, the private firm’s output increases as well. As there is
an underproduction of the private good, the increase in the private firm’s
output generates a first order welfare gain. Therefore, a welfare-maximizing
public firm will set its price strictly lower than marginal cost if it is allowed
to make losses, and equal to marginal cost otherwise.

7. APPENDIX

Proof of Lemma 1: Totally differentiating (9) and (10) with respect to 6 and then

Cc C
solving for 8(%76@ and quiﬁ we get
c aP1(¢%(9) ) (9%m2(¢¢(9)
6) oat(e) _ ~a50) (*H55") (4
00 A ’
c oP1(¢%(9) ) ( 9%m2(¢%(9)
. b _ () (5
00 A ’
C C . c
The following second order conditions must hold: w < 0,and A = (82 Rl(azz(e)’g)> <a2”28(;2 <0>>> —
2 1 2
C . C
(azRgéjaéf)’G)) (a2g3§%q§0))) > 0. Then the result follows from noting that ¢§(6) > 0,
C C
781)1(%“1]1(9)) < 0 and 7azgii‘§qgg)) < 0 (Assumption 2 (ii)). O

Proof of Lemma 2: Totally differentiating conditions (12) and (13) with respect to 6

B
and then solving for ap}'”(e), we get

B 27} B
opf(e) | [((0) - m) 22RO gpg)] (Pmprmien)

18 = _
B aDy(p(0)) _ B %72 (05 (9))

(19) o) _ —[#50) —m) 222 — g o) (ZH

90 A
A [PR1(0B(0):0)) (9%72(p5(6)) %Ry (pB(9):0) [ 2272 (05 (0)) I

where A = ( 1 al; 2 285 2 — oot o5~ ). Substituting
B - B B

Y A () aD;(P3(0)) _ Ui;(d5(9)

p2(0)=m =7 Lagy (from (13)) and =578 = G R 605 B (0)—Ura (B @) U2 (5 (@)
Opo

in (19) and then evaluating at § = 0 we get

B af o U12(q5(0))> (, azfrrz(p’*(o»)
(20) apt(0) _ ¢ (0) <q5(0> Ua2 (45 (0)) op3
o0 A ’
B ) U12<q3<o>>> <a2fr2(p"<o>>>
(21) op5(0) (0) <q§(o> U22(45(0)) 9p20p1

a0 A
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= (B
Note ¢5(0) > 0. By Assumption 3 (ii), % > 0. By Assumption 1 (v),

%ﬁgg;; < 1. Since second-order conditions are satisfied at p = pB(G), A > 0 and
_ 927 (pB(0)) e ap(0) O UadB0) .
o3 > 0. Now, if B0 > 1 we have B0 ~ U2a(aB(0) > 0. Thus all expres
sions in the right-hand side of (20) and (21) are strictly positive which in turn implies
B
w0 5 0,i=1,2. 0

Proof of Proposition 7: Routine calculations show that, if U(q) is given by (5), then
for any given 0 € [0, 1], stage 2 Cournot equilibrium quantities are:

o) = @2-b)a—m) ¢S (0) = a 7(L20+722)(_abg)m)

(2420 —b2)
Using W€(0) = W (q°(0)) = U(qf (), 45 (6)) — m(qf (0) + 45 ()) we get
[(7 — 6b — 2b% + 2b°) + 0(14 — 10b) + 362](a — m)?
2(2 + 20 — b2)2 '

(22) W) =

Existence of §¢ follows from continuity of W¢(8) in 6 over the compact interval [0, 1].

C
Proposition 5 gives 8 > 0. Since dv‘iie(l) = _(32:1:3)32 <0, 8¢ < 1. Thus 6° € (0,1).

The Bertrand equilibrium prices, given any stage 1 choice of 0, are:

_ (1—-0)(20 +b)(a —m) _ (1-=b0)(1+0+b0)(a—m)
Then using ¢; (0) = Di(p®(0)) and WP(0) = WP(¢"(0)) = U(qi'(0), 45 (0)) — m(qf' (0) +
q?(@)) we get

B (24 b0 — b*(1 — 0)(a — m)) _
ar (0) = (1+b)(2+ 20— b2) O

(1460 +b0)(a —m)
(1+b)(2+ 20 —b2)’

and

0)(a —m)?
, B
(23) W) 2(1+b)(2+ 20 — b2)2°
where f(0) = 74 b— 76* — b + 2b* 4 (14 — 4b* — 2b*) + 0%(3 + 7b 4+ b* — 3b%). Existence
of 6% follows from continuity of W5(#) in @ over the compact interval [0,1]. Observe
that ¢2(0) > 0, for i = 1,2 and ¢7(0) = T > el = ¢5(0). Then applying

B B 2 2
Proposition 6 we get dwdiéo) < 0. Indeed de9<9> = _(2£00=b) (féigg)jggé+3b>>(ufm) <0
for all 8 € [0, 1], which implies % = 0. O
c
Proof of Proposition 8: i) Differentiating (23) gives deQ(G) =— (2*b)(b(IIZbi;g(fbg)Sf))(a*m)g
2 3 2 2

which equals zero at 6§ = E’ii;’;; Since 2 ‘;‘;2(9) = 7(2—b)(4+ztl;:3;b9_;12(;l; a=m)” ~ ( at
0= E’il_;l;;, and 6 € (0,1) by Proposition 5, it follows that W¢(6) attains its maximum
at 6 = {150, Thus 6 = 253 By Proposition 7, 6% = 0.

(ii) Using the values of ¢§ (), i = 1, 2 from the proof of Proposition 6 we find that «{ (§) =
b(1—b)(4—3b)(a—m)? —b)%(a—m)? —4b)(a—m)?
(1 )((44,331,2))(20’ m) ’ 71'%(96) = 4(1(413(;2)27”) ’ CSC(QC) = (5 2?4),(;1727)”) and Wc(ec) =
(7—6b)(a—m)?

2(4—3b2)

Since 0% = 0, p2(#®) and ¢?(65), i = 1,2 are same as in the proof of Lemma 1.

. b(1—b)(a—m)? 1—b)(a—m)?
Using those values we get 75 (05) = W, 75 (0°) = W, CSB(9%) =
(5—b—3b2+b%)(a—m)> BpBy _ (T+b—7b%2—b3+2b%)(a—m)?

2(140)(2—b2)2 and W7=(07) = 2(140)(2—52)2 .

Now we turn to the comparison between Bertrand and Cournot outcomes. Observe

1-b)b2[1+(1—b2)(7—4b%)](a—m)?
that 7§ (6°) — 75(0%) = — U= WHOb GG < 0 for all b € (0,1). More-
2 3 4 2
over, w¥(6°) — 7B (6%) = —b(lfb)&%ﬁ:ﬂ;i;;ﬁ;‘;’;%“fW) which is strictly negative for

b€ (0,0.84). We have CS¢(0°) — CSB(05) = MA=DAEZb 12l ) (0 m)® wopich is strictly

positive for b € (0,0.9). Thus for all b € (0,0.84) we have 7{(#¢) < =¥ (0%) and
CS€(6°) > CS®(67).
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Finally, the welfare comparison between Bertrand and Cournot shows that W¢(6€) —
WB(@B) _ _b2(a-5)(3=26%)(a—m)? <0. 0
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